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“Subthreshold pions” and so-called “hard photons” are two important channels for producing less
than 1 GeV γ-rays and e± pairs from nuclear collisions with energy per nucleon below the pi-meson
production threshold. I use publicly available experimental data to parametrize these two channels’
γ-ray and e± production cross sections and extend the pion contribution to these particles spectra at
higher energies using their corresponding spectra from pp interactions. These parametrizations are
valid for collision energy Tp ≤ 100 A GeV and agree reasonably well with the available experimental
data. The new parametrizations allow, for the first time, accurate studies of astrophysical γ-rays
below 1 GeV.
PACS numbers: 25.70.-z, 13.75.Cs, 13.85.Tp
I. INTRODUCTION
Nuclear interactions are ubiquitous in the universe,
ranging from thermal plasmas to high energy cosmic rays,
being an abundant source of γ-rays and other secondary
particles relevant to astrophysics. At low collision ener-
gies and above the Coulomb barrier, inelastic collisions
and/or nuclear reactions produce excited nuclei in the
final state. De-excitation of these nuclear levels can pro-
duce prompt γ-ray lines as well as a continuum compo-
nent which is a superposition of many γ-ray lines with
relatively large widths. The main emission lines appear
between 0.1 and 10 MeV. At higher collision energies,
say Tp & 10 A MeV (MeV/nucleon), nuclear collective
modes are excited and produce an additional continuum
γ-radiation component. The most prominent source of
this continuum, is the so-called giant dipole resonance
which emits most of the γ-rays between 10 and 25 MeV.
The γ-rays with energy below 25-30 MeV are referred to
as the statistical photons and their origin is the nuclear
structure.
For nuclear collisions with energy above the pi-meson
production threshold (Tp > T
th
pNN ≈ 0.28 A GeV), pions
are expected to be produced effectively. Nuclear inter-
actions at such energies produce pions through individ-
ual nucleon–nucleon collisions. The decay of these pions
produce γ-rays, e± pairs and neutrinos. Similar with pp
interactions, the main source of the γ-rays at high energy
nuclear collisions is the decay of the pi0-meson and to a
lesser extent the decay of the η-meson.
These channels however, are not the only ones through
which nuclear interactions can produce γ-rays. Experi-
mental observations show that the continuum radiation
from low energy nuclear interactions does not stop with
the statistical photons. For photon energies above the gi-
ant dipole resonance the γ-ray spectrum changes its slope
and becomes harder. This new direct γ-ray channel is
called the hard photons. Moreover, experimental observa-
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tions show that nuclear collisions unlike nucleon–nucleon
interactions, can produce pions at energies Tp < T
th
pNN .
These pions are called the subthreshold pions and are ob-
served for collision energies as low as 20 A MeV [1, 2].
From energetics point of view, the hard photons and sub-
threshold pions require a mechanism that will extract the
energy from many nucleons inside the nucleus. They are
partly explained by the Fermi motion, however, the de-
tailed physics related to the cooperative effects is not yet
well understood.
Experimental observations have played a crucial role in
singling out the main processes responsible for the pro-
duction of hard photons and subthreshold pions. For in-
stance, the center of mass frame observations show that
hard photons have a dipole angular distribution and their
production source velocity is close to the nucleon–nucleon
velocity in this frame. These suggest that the source of
hard photons is the neutron–proton (np) bremsstrahlung
that occurs during the early stage of the nuclear in-
teraction [see e.g. 3–5]. The pp bremsstrahlung has a
quadrupole nature, therefore, gives a minor contribution
compared to the np. Moreover, it is observed that hard
photon energy distribution is an exponential function of
the form ∼ exp(−Eγ/Eγ0 ), with an inverse slope param-
eter Eγ0 that is experimentally determined. In heavy ion
experiments an additional component of direct hard pho-
tons is observed, called the thermal hard photons [see e.g.
6, 7]. This component however, is not important for light
nuclei that are relevant in astrophysics.
Subthreshold pions are also produced during the first
stage of the nucleus–nucleus collision. In contrast to the
hard photons, pion’s mean free path in the nuclear matter
is short. As a result, they are reabsorbed and re-emitted
several times which leads to their thermalization with
the nuclear matter. Therefore, pions energy distribution
carries important information about the fireball that is
formed in the intermediate phase of the nuclear reaction.
Experiments show that the pion energy distribution can
be fitted with a Maxwellian distribution. At energies
Tp ≈ 1 A GeV, ∆-resonance production becomes signifi-
cant. Its decay results in the formation of a high energy
tail on top of the Maxwellian distribution. At such en-
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2ergies, the experimental data are fitted with more than
one Maxwellian distribution [see e.g. 4, 8–10].
Although for Tp . T thpNN interactions there is no the-
ory that can accurately predict the hard photon and
subthreshold pion production cross sections, at higher
energies however, one can use Glauber’s multiple scat-
tering theory [11–13] as applied in some superposition
model (e.g. the wounded-nucleon model [14] or the ad-
ditive quark model [see e.g. 15–17]) to calculate the sec-
ondary particle production average and dispersion mul-
tiplicity distributions. In these models, the hadron–
nucleus and nucleus–nucleus collision are treated as a
sequence of nucleon–nucleon or quark(s)–nucleon scat-
terings. As a result, the average secondary particle pro-
duction multiplicity of a nucleus–nucleus collision is pro-
portional with the average yield produced by nucleon–
nucleon or quark(s)–nucleon interactions. The propor-
tionality factor is called the number of wounded con-
stituents. The so-called nuclear enhancement factor [see
e.g. 18], is an application of the wounded nucleon model
in astrophysics. This quantity sums the contributions
of all nucleus–nucleus interactions which scale the sec-
ondary particle production spectrum produced by pp col-
lisions.
By combining subthreshold pions at low energies with
high energy pion production calculations, it is possible to
compute pion production cross sections for a wide energy
range which can be important in astrophysics. The hard
photon and subthreshold pion channels allow nuclear in-
teractions to produce γ-rays and e± pairs at low energies
for which the pp interactions do not. Moreover, the γ-
rays from these two channels, significantly contribute in
the γ-ray spectrum below the pi0-bump that is produced
by pp interactions. These channels should be taken into
account in the identification of the radiation process and
the parent particles that produce the γ-rays (leptonic ver-
sus hadronic). This identification should be based on the
shape of the measured γ-ray spectrum below 1 GeV. Sur-
prisingly, so far this question has not been studied even
on a qualitative level despite the recent numerous claims
of detection of hadronic γ-rays based on the observations
by Fermi-LAT.
In this paper I intend to fill the gap of studies in
this area. Although the physics of complex processes
of nucleus–nucleus interactions at low energies is not yet
fully understood and described by an adequate theory,
the available experimental measurements are quite com-
prehensive to conduct a detailed quantitative study of
this important issue. Note that the units used through-
out this article are the natural units (i.e. ~ = c = kB =
1).
II. HARD PHOTONS PRODUCTION CROSS
SECTIONS
The experimentally supported assertion that the di-
rect photons with energy Eγ > 30 MeV are produced
through incoherent neutron–proton (np) bremsstrahlung
is further supported by the fact that their production
cross section scales with the number of first np collisions.
Following Bertholet et al. [19], the hard photons produc-
tion cross section can be parametrized as follows:
σγ = σR 〈Nnp〉b Pγ , (1)
where σR is the reaction cross section, 〈Nnp〉b is the total
number of initial np collisions averaged over the impact
parameter and Pγ is the γ-ray emission probability in a
single collision. We use the parametrization of σR from
Cassing et al. [4] which has the form:
σR = 10pi r
2
0
(
A1/3p +A
1/3
t + b
)2(
1− Vc
Ap Tp
)
[mb]. (2)
Here, r0 = 1.16 fm, b = 2.0 and Tp is the projectile
kinetic energy per nucleon in the laboratory frame. Vc =
1.44ZpZt/R is the Coulomb potential of the colliding
nuclei in MeV units and R = 1.2 (A
1/3
p +A
1/3
t ) fm. Zp, Ap
and Zt and At are the charge and mass numbers for the
projectile and target nuclei, respectively. The parameter
〈Nnp〉b is given by:
〈Nnp〉b = 〈AF 〉
ZpNt + ZtNp
ApAt
, (3)
where Np and Nt are the number of neutrons for the
projectile and target, respectively. 〈AF 〉 is the number
of nucleon-nucleon collisions which is given by:
〈AF 〉 = Ap × 5A
2/3
t −A2/3p
5
(
A
1/3
p +A
1/3
t
)2 , (4)
and it is valid for Ap ≤ At [20].
Using experimental data for the hard photon produc-
tion cross section σγ for Eγ > E
min
γ = 30 MeV, Cassing
et al. [4] has parametrized the γ-ray emission probability
Pγ as:
Pγ = M0 × exp
(
−E
min
γ
Eγ0
)
, (5)
where, M0 = (5.5 ± 0.1) × 10−4 is a constant that is
derived from fitting the cross section data; whereas, Eγ0
is found from fitting the hard photon energy distribution
spectrum, which has an exponential shape dσ/dEγ ∼
exp(−Eγ/Eγ0 ). If we normalize this function such that its
integral from Eminγ to infinity gives σγ , the hard photon
differential cross section becomes:
dσγ
dEγ
=
σγ
Eγ0
× exp
(
Eminγ − Eγ
Eγ0
)
. (6)
The hard photon inverse slope parameter Eγ0 is the
only missing element in Eqs. (5) and (6). Experimental
3data show that Eγ0 systematically increases with the col-
lision energy and the available data show two different
trends for heavy and for light ions interactions. I have
compiled here publicly available experimental data on Eγ0
that are found in the literature and they are recorded in
Table I. These data include a variety of colliding systems
for a broad collision energy range. I have parametrized
these data in two branches: Data for light projectiles p,
α (4He) and Li, and data for heavier projectiles. These
two groups seem to form two distinct clusters and Eγ0 for
projectiles heavier than Li is larger than for lighter pro-
jectiles. This difference might be related to the absence
of Fermi motion of nucleons inside the light nuclei which
leads to lesser energetic np collisions, thus to a softer
spectrum of γ-rays. The parametrization of the inverse
slope parameter has the form:
Eγ0 = a 
b
p, (7)
where p = (Tp − Vc/Ap)/mp is a dimensionless vari-
able, and mp is the nucleon rest mass which is consid-
ered equal to the proton mass. By fitting the experimen-
tal data, I find that for light projectiles (p, α and Li)
a = 60±10 MeV and b = 0.54±0.06 and for heavier pro-
jectiles a = 182± 1 MeV and b = 0.805± 0.002. Figure 1
compares the experimental data with the parametriza-
tion described here as well as with the parametrizations
described in [4, 5]. The figure shows that all parametriza-
tions agree with each other and fit reasonably well the
available experimental data.
Figure 2 compares the Pγ emission probability
parametrization in Eq. (5) using Eγ0 from Eq. (7), against
the experimental data compiled in Cassing et al. [4]. The
parametrizations used in Cassing et al. [4] and Schutz
et al. [5] are also included and, they differ only on the
parametrization of Eγ0 . All these parametrizations agree
reasonably well with each other and with the available
experimental data.
If we include Eq. (1) and Eq. (5) in Eq. (6), the
hard photons differential cross section for Eγ > E
min
γ =
30 MeV is further simplified:
dσγ
dEγ
=
σR 〈Nnp〉b M0
Eγ0
× exp
(
−Eγ
Eγ0
)
. (8)
To conclude, Fig. 3 shows a typical γ-ray spectrum
that includes both the statistical and hard photons pro-
duced by 16O + 184W interactions at Tp = 15 A MeV
[21]. We see that the low energy statistical photons
have larger cross sections compared to hard photons for
Eγ > 30 MeV. By increasing the collision energy the hard
photon spectra becomes larger and harder. Hard photons
dominate the γ-ray continuum for collision energies be-
low Tp < 100 A MeV. Above this energy the pi
0-meson
production start to dominate.
10-2 10-1
²p =(Tp−Vc/Ap )/mp c2
0
10
20
30
40
50
60
E
γ 0
[M
eV
]
Eγ0 =182 ²
0.8
p MeV
Eγ0 =60 ²
0.54
p MeV
Paramet. (>Li)
Paramet. (p,α,Li)
Cassing et al.(1990)
Schutz et al.(1997)
Exp. Data (>Li)
Exp. Data (p,α,Li)
FIG. 1. Hard photon inverse slope parameter Eγ0 for Eγ >
30 MeV as a function of p = (Tp − Vc/Ap) /mp, where, Tp is
the projectile kinetic energy per nucleon, Vc is the Coulomb
energy, Ap the projectile mass number and mp is the nucleon
mass in units of energy. The experimental data that are used
here are listed in Table I. Data in grey color correspond to
light projectiles p, α and Li, whereas, data in black color
belongs to heavier projectiles. The grey thick-dash-line shows
the Eq. (7) parametrization for projectiles p, α and Li which
is Eγ0 = (60 ± 10) 0.54±0.06p MeV; whereas, the black thick-
line shows the parametrization for projectiles heavier than Li
Eγ0 = (182±1) 0.805±0.002p MeV. The thin dash-dot line is the
parametrization given in Cassing et al. [4] and the dots curve
is the parametrization given in Schutz et al. [5].
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FIG. 2. Hard photon emission probability Pγ for Eγ >
Eminγ = 30 MeV as a function of p. The experimental data
points are compiled by Cassing et al. [4]. The black line is the
parametrization shown in Eqs. (5) and (7). The thin dash-
dot line and the dotted line are the parametrizations given in
Cassing et al. [4] and Schutz et al. [5], respectively.
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FIG. 3. Gamma-ray production differential cross section for
16O + 184W intereactions at Tp = 15 A MeV [21]. The thick
gray line is the hard photon fit using the parametrization in
Eq. (8).
TABLE I. References for the hard photon inverse slope pa-
rameter Eγ0 experimental data.
System Tp [A MeV] Reference
C+Mo 11 Gossett et al. [22]
O+W 15 Breitbach et al. [21]
N+(C,Zn,Pb) 20–40 Stevenson et al. [23]
Kr+Ni;Ta+Au 29.5–60 Mart´ınez et al. [24]
Pb+Au 29.5–60 Mart´ınez et al. [24]
He+(C,Zn,Pb) 25,53 Tam et al. [25]
Li+(Li,Pb);Ne+Mg 30 Tam et al. [26]
Ar+(Ca,Pb) 30 Tam et al. [26]
Ar+Au 30 Njock et al. [27]
Ar+Gd 44 Hingmann et al. [28]
Kr+(C,Ag) 44 Bertholet et al. [19]
(Pb,Ta)+Au;Kr+Ni 30–60 Schutz et al. [5]
C+C 48–84 Grosse et al. [29]
D+(C,Zn,Pb) 53 Tam et al. [25]
Kr+Ni 60 Mart´ınez et al. [30]
Ar+(C,Al,Cu) 85 Njock et al. [31]
Xe+Sn 89,124 Clayton et al. [32]
Ar+(C,Au) 95 Schubert et al. [33]
p+(C,O,Al,Cu,Pb) 140 Edgington and Rose [34]
Ar+Ca 180 Mart´ınez et al. [35]
III. SUBTHRESHOLD PION PRODUCTION
A. Total production cross section σpi
The pion production cross section from nuclear col-
lisions is well studied for a wide range of collision en-
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FIG. 4. The universal pion production probability as
a function of p. All experimental data shown here
are listed in Table II–IV. The fitting curve is the
parametrization given in Eq. (11), Ppi/(Ipi × ζ) = −1/4p ×
exp
[

−1/4
p
(
0.0057x4 + 0.019x3 − 0.19x2 + 1.07x− 3.7)]
where x = log(p).
ergies and for a variety of colliding nuclei. If pions in
nucleus–nucleus (A+B) interactions are indeed produced
through individual in-medium nucleon–nucleon (N +N)
collisions, then their production cross sections or mul-
tiplicities should scale with the number of participating
nucleons. Unlike the free nucleon–nucleon collisions the
in-medium ones are enhanced by the Fermi motion of nu-
cleons in the interactions zone. A common parametriza-
tion of the meson production cross section in A+B col-
lisions is [see e.g. 36]:
σpi = σR 〈Apart〉b Ppi, (9)
where σR is the A + B reaction cross section given in
Eq. (2), Ppi is the in-medium pion production probability
per participant and 〈Apart〉b is the number of participants
calculated within the geometrical model and averaged
over the impact parameter b [see e.g. 37, 38]:
〈Apart〉b =
ApA
2/3
t +AtA
2/3
p(
A
1/3
p +A
1/3
t
)2 . (10)
I have collected public available experimental pion pro-
duction cross section data that cover the nuclear collision
energy range 20 A MeV < Tp < 100 A GeV and for nu-
clei that are lighter than Zr. These data are recorded in
Table II–IV. Using Eq. (9) and these cross section data,
one can compute the probability Ppi, which is plotted in
Fig. 4 as a function of p = (Tp − Vc/Ap)/mp.
It is clear from Fig. 4 that the experimental Ppi data
show a systematic increase with the collision energy per
5nucleon. I have parametrized the probability Ppi for Tp ≤
100 A GeV as follows:
Π4(x) = a0 + a1 x+ a2 x
2 + a3 x
3 + a4 x
4
Ppi = 
−1/4
p × exp
[
−1/4p ×Π4(x)
]
× Ipi × ζ,
(11)
where x = log(p). After fitting the experimental data
one finds that a0 = −(3.70 ± 0.05), a1 = 1.07 ± 0.06,
a2 = −(0.19 ± 0.03), a3 = (19 ± 7) × 10−3 and a4 =
(5.7± 1.8)× 10−3.
Different nuclear interactions produce different pi+, pi0
and pi− yields. The function Ipi takes into account these
differences for a particular A+B interaction by assuming
that the differences arise due to isospin symmetry. Func-
tion Ipi normalizes the probability Ppi for one of the pi-
mesons with respect to the pi0 one. Therefore, by adopt-
ing the isospin relations that exist between the three dif-
ferent pion yields from nucleon–nucleon interactions [see
e.g. 39], one finds:
Ipi(ξp, ξt) =

(3 + ξp + ξt)/4 for pi
+
1 for pi0
(5− ξp − ξt)/4 for pi−
(12)
where ξp = Zp/Ap and ξt = Zt/At give the ratio between
the number of protons and the total number of nucleons
for the projectile and target nuclei, respectively. Func-
tion ζ(Tp, Ap, At), on the other hand, ensures that pion
production cross section for a given nucleus–nucleus in-
teraction approaches zero when the collision energy ap-
proaches the absolute kinematic threshold, the kinetic
energy per nucleon of which is given by:
T thp =
(
1
Ap
+
1
At
)
mpi +
m2pi
2mpApAt
, (13)
where mpi is the pion mass. Based on the available exper-
imental data near the kinematic threshold, a reasonably
good approximation of ζ function is:
ζ = tanh
max
0 ; 1−(T thp
Tp
)31/4 , (14)
The function max makes ζ and Ppi equal zero for Tp ≤
T thp . The function ζ does not effect the shape of Ppi except
near the pion absolute kinematic threshold.
The universal Ppi function that is plotted in Fig. 4 is
actually the Ppi/(Ipi × ζ) as was defined in Eq. (11).
B. Differential cross section dσpi/dEpi
Experimental observations for Tp . 1 A GeV nuclear
collisions show that the pion energy distribution has an
exponential shape at high energies and it peaks at low
energies at several tens of MeV. For head-on nucleus–
nucleus collisions, the pion spectrum to a good approxi-
mation is isotropic; therefore, a statistical model is widely
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FIG. 5. The pion temperature as a function of p. The exper-
imenal data points are listed in Table V. The line represents
the parametrization given in Eq. (16) and the shaded area is
the 1σ fitting bounds.
used to fit the experimental data [see e.g. 8, 9]. I assume
here that the pion energy distribution for Tp < 1 A GeV
is given by a single relativistic Maxwell–Ju¨ttner distri-
bution fMB(Epi, T0), therefore, the pion differential cross
section is:
dσpi
dEpi
=
σpi
mpi
× fMB(Epi, T0). (15)
Where, Epi is the pion total energy and T0 is the pion
temperature. Experiments show that the pion temper-
ature increases systematically with the collision energy
and they show that T0 is almost independent on the pion
species or the initial colliding nuclei. I have compiled
here publicly available experimental pion temperature
data for projectile energies below few GeV/nucleon and
they are listed in Table V. For collision energies below
4 A GeV, the following formula can parametrize reason-
ably well the pion temperature data:
T0 = (57± 8) 1/2p + (2.4± 1.2) MeV. (16)
Figure 5 compares this parametrization with the avail-
able experimental data.
Note that the ∆-resonance start to be produced ef-
fectively at several hundreds of MeV per nucleon and
it becomes non-negligible for collision energies around
1 A GeV or higher. Its decays produce high energy pi-
ons that modify the tail of the Maxwellian distribution;
therefore, Eq. (15) may not be a good representation of
the high energy pions and their decaying products near
the kinematic limit.
6TABLE II. References to p+A→ pi0 experimental cross sec-
tion data.
System Tp [MeV] Reference
p+(C,Al,Ni) 201 Bellini et al. [40]
p+C 470 Bayukov et al. [41]
p+D 660 Bayukov et al. [41]
p+(Li,C,O,Al,Cu) 665 Dunaitsev and Prokoshkin [42]
p+He 380–970 Pollack and Fazio [43]
TABLE III. References to A + B → pi0 experimental cross
section data.
System Tp [A MeV] Reference
(He,O)+Mg 24–43 Waters et al. [44]
N+Al 35 Braun-Munzinger et al. [45]
O+Al 38 Julien et al. [46]
Ar+Ca 44 Heckwolf et al. [47]
C+(C,Ni) 60–84 Noll et al. [48]
O+Al 94 Badala´ et al. [49]
Ar+(Al,Ni) 95 Badala` et al. [50]
O+(Al,Ni) 95 Moisan et al. [51]
Ar+Ca 180 Mart´ınez et al. [35]
Ar+Ca 1000 Schwalb et al. [52]
(D,He,Ca)+Ca 1040,1060 Holzmann et al. [53]
C+C 1040,1060 Holzmann et al. [53]
C+C 800–2000 Averbeck et al. [54]
C+C 1000,1800 Laue et al. [55]
IV. GAMMA-RAYS AND e± SPECTRA
Employing the kinematics of the pion decay and the
pion differential cross section defined in Eq. (15) one can
now calculate the γ-ray and e± pair production spectra
for Tp < 1 A GeV.
At higher energies, nuclear matter effects are expected
to weaken; therefore, the pion production spectrum from
nucleus–nucleus and nucleon–nucleon collisions are ex-
pected to be similar in shape. Recent high energy exper-
iments find that the pion spectrum produced by p+A and
A+B interactions in the forward hemisphere are similar
to pp. Deviations from pp are observed in the backward
hemisphere where an excess of low energy pions are pro-
duced. A recent comprehensive study of the pion spec-
trum produced by pp and p+C at 158 GeV/c show that
the deviations between a two-component model – that is
constructed from the pp data – and the p+C pion data
are less than 30–40 % [77]. In another study, a compari-
son of the experimental pion transverse mass distribution
spectra below 1 GeV show that the deviations of Be+Be
and Pb+Pb from pp interactions with Tp < 100 A GeV
is less than 20 % and 40 %, respectively [see e.g. 78].
Combining these experimental findings, one may con-
clude that the expected deviations for the pion energy
TABLE IV. References to charged pion production experi-
mental cross section and multiplicity data.
System Tp [A MeV] Reference
pi+
p+Ni 201 Badala et al. [56]
p+He 380–970 Pollack and Fazio [43]
p+(D,C,O,
Al,Ni,Cu) 585 Crawford et al. [57]
p+(Be,Al) 13.7 ×103 Abbott et al. [58]
p+Mg 99.1 ×103 Whitmore et al. [59]
pi−
p+He 380–970 Pollack and Fazio [43]
p+(D,Be,C,O) 585 Crawford et al. [57]
p+(Al,Ni,Cu) 585 Crawford et al. [57]
p+C 3.4×103 Agakishiyev et al. [60]
C+(C,Ne,Si) 3.7×103 Aksinenko et al. [61]
C+(Cu,Zr) 3.7×103 Aksinenko et al. [61]
p+C 9.1×103 Baatar et al. [62]
p+C 9.1×103 Armutliisky et al. [63]
p+(Be,Al) 13.7 ×103 Abbott et al. [58]
p+Ne 27.1 ×103 Miller and Nowak [64]
p+Mg 99.1 ×103 Whitmore et al. [59]
p+Mg 199.1 ×103 Brick et al. [65]
(D,He,C)+C 3.37×103 Agakishiyev et al. [60]
distribution shape between pp and the light nuclear in-
teractions that are relevant in astrophysics should not be
larger than 30–40 % for collisions with Tp ≤ 100 A GeV.
Thus, for simplicity I assume here that nucleus–nucleus
and nucleon–nucleon collisions with 1 ≤ Tp ≤ 100 A GeV
have identical pion spectral shape. As a result, the sec-
ondary particle production spectra for nucleus–nucleus
collisions are calculated using their pp spectra for which
accurate parametrizations already exist [see e.g. 79, 80].
A. γ-ray differential cross section dσγ/dEγ
The main channels through which nucleus–nucleus in-
teractions produce γ-rays with energy Eγ > 30 MeV are
the hard photons, A + B → γ and the neutral pion de-
cay, A+B → pi0 → 2γ. While the energy distribution of
directly produced hard photons for a fixed projectile en-
ergy is described by Eq. (8), the distribution of pi0 → 2γ
decay is determined by the dσpi/dEpi of the intermediate
pi0-mesons given in Eq. (15) and by the kinematics of
their decay:
dσγ
dEγ
= 2×
Emaxpi∫
Yγ
dσpi
dEpi
dEpi
Ppi
. (17)
7TABLE V. References to the experimental pi-mesons temper-
ature data.
System Tp [A MeV] Reference
pi+
C+C 85 Johansson et al. [66]
Ni+Ni 800–1800 Mu¨ntz et al. [67]
pi0
O+(Al,Ni) 25 Young et al. [68]
Ar+(C,Al,Ni,Ag,Au),
Au+Au 25–95 Piasecki et al. [69]
Xe+Au 44 Mayer et al. [70]
Kr+Ni;Ta+Au 60 Schutz et al. [5]
C+(C,Ni) 60–84 Noll et al. [48]
O+Al 94 Badala´ et al. [49]
O+Al 95 Moisan et al. [51]
Ar+Ca 180 Mart´ınez et al. [35]
Ar+Ca 800 Mar´ın et al. [71]
Ar+Ca;Kr+Zr;Au+Au 1000 Schwalb et al. [52]
(Ca,Ar)+Ca 800–2000 Averbeck et al. [54]
C+C;Ni+Ni 800–2000 Averbeck et al. [54]
(D,He,Ca)+Ca;C+C 1040–1060 Holzmann et al. [53]
pi−
C+N 41–135 Suzuki et al. [72]
Ar+KCl 1800 Brockmann et al. [73]
C+Al 183–2100 Nagamiya et al. [74]
(D,He,C)+C 3.37×103 Backovic´ et al. [75]
He+(Li,C);C+Ca 3.66×103 Chkhaidze et al. [76]
Here, the quantity Yγ is:
Yγ = Eγ +
m2pi
4Eγ
, (18)
and Emaxpi is the maximum pi
0 energy in the laboratory
frame which is given by:
Emaxpi = γCM (E
CM
pi + P
CM
pi βCM )
γCM =
Ap Tp +MA +MB√
s
s = (MA +MB)
2
+ 2MB (Ap Tp +MA)
ECMpi =
s− (MA +MB)2 +m2pi
2
√
s
.
(19)
Where, Tp is the projectile kinetic energy per nucleon, s is
the center of mass energy squared. βCM , γCM and E
CM
pi
and PCMpi are the center of mass velocity, Lorentz factor
and pion maximum energy and momentum, respectively.
MA and MB are the mass of the projectile A and the
target B, respectively.
By performing the integration of Eq. (17), one finds:
dσγ
dEγ
=
2 θpi σpi
mpiK2(θ
−1
pi )
[(
1 +
Yγ
T0
)
× exp
(
−Yγ
T0
)
−(
1 +
Emaxpi
T0
)
× exp
(
−E
max
pi
T0
)]
.
(20)
The pion temperature T0 is given in Eq. (16), θpi =
T0/mpi, σpi is the pi
0 production cross section see Eq. (9),
Yγ varies between mpi ≤ Yγ ≤ Emaxpi and K2(x) is the
modified Bessel function of the second kind.
For collision energies Tp ≥ 1 A GeV, the pi0 energy
distribution for A + B and nucleon–nucleon collisions
are equal fpi
0
AB = f
pi0
NN . By averaging the pion spectrum
over different nucleon–nucleon collisions (i.e. pp, np and
nn), it is shown in the Appendix A that fpi
0
AB = f
pi0
pp .
Therefore, their respective pi0 → 2γ energy distributions
should be equal fγAB = f
γ
pp. To calculate f
γ
pp, the recent
parametrization of the pp → pi0 → 2γ production cross
sections is adopted [80]. Using the γ-ray production dif-
ferential cross section dσγpp/dEγ and the pion production
cross section σpipp, the γ-ray energy distribution function
is given by fγpp = (σ
pi
pp)
−1 × dσγpp/dEγ . As a result, the
nucleus–nucleus γ-ray production differential cross sec-
tion is given by dσγAB/dEγ = σ
pi
AB × fγpp, where, σpiAB is
calculated using Eq. (9).
B. e± pair production spectra
After production, charged pions quickly decay into
muons which are unstable and further decay into elec-
trons and positrons, pi± → µ± → e±. Although, elec-
trons and positrons cannot be detected directly from
an astrophysical source, they however, can emit γ-rays
through radiative processes such as e.g. bremsstrahlung
and synchrotron radiation.
The decay kinematics of charged pions into e± is more
complex than pi0 → 2γ because it involves the muon spin
and the three body decay kinematics. A useful quantity
that is found in the literature, is the e± energy distri-
bution for a fixed pion energy [see e.g. 81, 82]. This
quantity is convolved with the pion spectrum to obtain
the e± production spectra.
The charged pion energy distribution for A + B colli-
sions for Tp < 1 A GeV is described by Eq. (15). Assum-
ing that the projectile A flux is given by JA(Tp) and the
target number density is nB , we can calculate the pion
production spectrum:
dNpi
dEpi
= 4pi nB
∞∫
T thp
dTp JA(Tp)
dσABpi
dEpi
(Tp, Epi). (21)
By convolving this quantity with the e± normalized en-
ergy distribution for a single pion energy Φ(γpi, Ee) [82],
8one can calculate the e± emissivity as follows:
dN
dEe
=
∞∫
γ¯pi
dγpi
dNpi
dγpi
(γpi)× Φ(γpi, Ee). (22)
Where, γpi = Epi/mpi, γ¯pi = 1 if Ee < E
max
e and γ¯pi =
1
2 (Ee/E
max
e +E
max
e /Ee) if Ee > E
max
e . E
max
e = mµγµ(1+
βµ)/2, γµ = (m
2
pi +m
2
µ)/2mpimµ, βµ = (1− γ−2µ )1/2 and
mµ is the muon mass.
At higher collision energies (Tp ≥ 1 A GeV) the
charged pion energy distribution from A + B interac-
tions averaged over different nucleon–nucleon collisions
is fpi
±
AB = ξ¯ f
pi±
pp + (1 − ξ¯) fpi
∓
pp , see Appendix A. There-
fore, their respective e± energy distributions that re-
sult from pi± decay, should satisfy the same relations
fe
±
AB = ξ¯ f
e±
pp + (1 − ξ¯) fe
∓
pp . Here, ξ¯ = (ξp + ξt)/2 where
ξp = Zp/Ap and ξt = Zt/At are the ratios of the num-
ber of protons to the total number of nucleons for the
projectile and target nuclei, respectively. For calculat-
ing fe
±
pp , the parametrization of the pp→ e± production
cross sections [79] are adopted. The e± energy distri-
butions are given by fe
±
pp = (σ
e±
pp )
−1 × dσe±pp /dEe where
σe
±
pp =
∫
dEe dσ
e±
pp /dEe. The A + B → e± differential
cross section is dσe
±
AB/dEe = σ
pi±
AB×
[
ξ¯ fe
±
pp + (1− ξ¯) fe
∓
pp
]
where σpi
±
AB is the charged pion production cross section
for a given A+B interaction shown in Eq. (9).
V. COMPARISON WITH THE
EXPERIMENTAL DATA
In this section, the parametrizations developed so far
are compared with the available experimental data for
nuclear interactions that are relevant in astrophysics.
Figure 6 compares the pi0 production cross section for
p + 4He, p + 12C and 12C +12 C interactions. For com-
parison the pp → pi0 production cross section [80] is
plotted, too. The references for the experimental data
points are found in Table II–IV. The three high energy
data points for p + 12C at Pp = 50, 100 and 200 GeV/c
are taken from [83] and are not direct measurements of
the pi0 production yield. These high energy data are
obtained from the total charge particle yield which is
dominated by pi± yields. Thus, the average pi0 produc-
tion multiplicity is calculated using the isospin symme-
try
〈
pi0
〉
= (〈pi+〉 + 〈pi−〉)/2. The experimental data for
12C +12 C at Pp = 40 and 158 A GeV/c are taken from
[84, 85] and correspond to charged pions yields. Assum-
ing that the isospin symmetry holds, then the yields for
charged and neutral pions should be similar because both
the projectile and target have equal number of protons
and neutrons, see Appendix A.
Figure 6 shows that the parametrization formula pre-
sented in Eq. (9) fits very well the experimental data
for Tp ≤ 100 A GeV. One can even extrapolate this
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FIG. 6. Neutral pion production cross section as a function
of the projectil kinetic energy per nucleon for p+4He, p+12C
and 12C +12 C interactions. The experimental data points are
described in the text, whereas the curves are the predictions
of Eq. (9). The p+ p→ pi0 production cross section is added
for comparison.
parametrization to few-hundreds of A GeV without caus-
ing large uncertainties, see Fig. 7.
Figure 7 compares the parametrization of the pi− pro-
duction cross section with the available p+12C→ pi− pro-
duction yields from different experiments. The superpo-
sition model curve is calculated using the pion production
yield ratio RpA. The average negative pion multiplicity
for p + C is calculated as 〈pi−〉pC = RpC 〈pi−〉pp, where
〈pi−〉pp is taken from [39]. The ratio RpA is parametrized
experimentally as RpA ≈ 0.5 + 0.58 ν¯ [83]. The ν¯ is the
average number of inelastic interactions and is given by
ν¯ = Aσpp/σpA ≈ 0.66A0.31, where A is the target mass
number and σpp and σpA are the absorption cross sec-
tions for nucleon–nucleon and nucleon–nucleus interac-
tions, respectively [83]. It is clear from Fig. 7 that the
parametrization and the superposition model are in good
agreement for Tp ≤ 100 A GeV. Their differences for
p+ 4He are less than 15 %.
Figure 8 compares the hard photon parametrization
formula given in Eq. (8) with the experimental data
for p + C at Tp = 124 MeV [34] and for C + C at
Tp = 84 A MeV [29]. As we can see, the parametriza-
tion described here fits reasonably well these experimen-
tal data.
Figure 9 compares the low energy pion differential cross
section parametrization given in Eq. (15) with the avail-
able experimental data for 14N +27 Al→ pi0 at 35 A MeV
[45] and 12C +12 C → pi0 at 60, 74 and 84 A MeV [48].
As we can see, the parametrization fits well the data at
such energies.
For collision energies 1 ≤ Tp ≤ 100 A GeV, the
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FIG. 7. Negativ pion production cross section as a function
of projectil kinetic energy per nucleon for p + 4He and p +
12C interactions. The experimental data points are described
in the text, the full lines are described by Eq. (9), whereas
the dash lines represent the superposition model [83] (see the
text).
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FIG. 8. Comparison of the hard photon γ-ray production dif-
ferential cross section Eq. (8) with the available experimental
data for p+ 12C→ γ at 124 MeV [34] and 12C +12 C→ γ at
84 A MeV [29].
parametrization assumes similar secondary particle pro-
duction spectra for A + B and nucleon–nucleon inter-
actions. To test this assumption Figs. 10–12 com-
pare the results of the parametrization with the HARP
and NA61/SHINE forward pion production experimen-
tal data [86–89] and the results of the Geant4.10 Monte
Carlo code [90, 91]. The hadronic model used in
Geant4 simulations is the FTFP-BERT which combines
the Bertini intranuclear cascade model at low ener-
gies and the FRITIOF string model at higher energies.
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FIG. 9. Comparison of the subthreshold pi0 production dif-
ferential cross section for 14N +27 Al→ pi0 at 35 A MeV [45]
and 12C +12 C→ pi0 for 60, 74 and 84 A MeV [48]. The his-
togram line represent the experimental data, whereas the full
line is the parametrization presented in Eq. (15).
These comparisons give a good estimate how well the
parametrization describes the forward data and how well
does it compare with more sophisticated hadronic monte
carlo models.
Figures 10 and 11 compare the energy distribution for:
p + C → pi± (left column), pi± → e± decay (middle col-
umn) and pi0 → γ-ray decay (right column) for collision
momenta Pp = 3, 5, 8, 12 and 31 GeV/c. The exper-
imental data points for the pi± energy distributions are
obtained from the angular integration of the invariant
cross section data [86–89]. The histogram lines are the
respective results from Geant4 simulations, whereas, the
dash lines are the results of the angular integration of
the Sanford–Wang (SW) parametrization of the forward
pion production invariant cross section [86]. The dash
line at Pp = 31 GeV/c are the results of the direct fit of
the experimental data. The gray areas represent the un-
certainties of the γ-ray and e± production spectra when
computed directly from the experimental pion data.
The left column of Figs 10 and 11 compare the for-
ward pi± spectral data with Geant4 predictions. It is
clear from the figures that the Geant4 overestimates the
forward pion production data for Pp = 3 and 5 GeV/c
and it agrees reasonably well for Pp > 5 GeV/c. The SW
parametrization also overestimates the pi+ production at
Pp = 3 GeV/c and it does not satisfy the kinematic limit,
i.e. have non-zero cross sections for pion energy greater
than the maximum allowed by the kinematics.
The full lines in the middle and right columns
of Figs. 10 and 11 represent predictions from the
parametrization developed here. The γ-ray energy dis-
tribution that is presented with dash lines, are computed
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FIG. 10. The energy distribution of the pi±-mesons and their secondary products created from p+C interactions at Pp = 3, 5, 8,
12 GeV/c. Left column show the pi± energy distribution and the data points are angle integrated HARP forward data [86, 87].
Middle column show the e± energy distribution from the pi± decay and the right column show the γ-ray energy distribution
from the pi0 decay. The pi0 differential cross section for the SW parametrization is obtained from the pi± ones through the
isospin relations betwee pion species. The histogram lines are the Geant4 predictions, the dash line are the predictions from the
angle integrated Sanford-Wang (SW) parametrization [86] and the full line is the parametrization shown here. The black color
in the left and middle columns show the pi+ and e+ results, whereas, the gray represent pi− and e− results. For visual effects,
the pi− results are divided by ten and the e− results are divided by one hundred. The gray areas represent the uncertainties of
the γ-ray and e± production spectra when computed directly from the experimental pion data.
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FIG. 11. The energy distribution of the pi±-mesons and their secondary products created from p + C interactions at Pp =
31 GeV/c. Figure on the left show the pi± energy distribution and the data points are angle integrated NA61/SHINE forward
data [88, 89]. Figure in the middle show the e± energy distribution from the pi± decay and the figure on the right show the γ-ray
energy distribution from the pi0 decay. The experimental pi0 differential cross section is obtained from the pi± ones through the
isospin relations. The histogram lines are the Geant4 predictions, the dash line are the predictions from fitting the pi± forward
data and the full line is the parametrization shown here. The black color on the left and middle figures show the pi+ and e+
results, whereas, the gray represent the pi− and e− results. For visual effects, the pi− results are divided by ten and the e−
results are divided by one hundred.
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FIG. 12. Secondary particles energy distribution for p + 12C interaction at Tp = 100 GeV. The histogram line represent the
Geant4 results, whereas the full line is the parametrization presented here. The black lines in the left figure represent the e+
results, whereas, the gray color represents the e− results that for visual effects are divided by one hundred.
from pi± cross sections:
dσpi0
dEpi0
=
1
2
(
dσpi+
dEpi+
+
dσpi−
dEpi−
)
,
where the dσpi±/dEpi± are the angle integrated forward
data or the SW parametrization.
From the left column of Figs. 10 and 11, we see that
the forward experimental pion data agree with Geant4
predictions for Epi > 1 GeV. This means that lower en-
ergy pion production is a result of large-angle emission.
When comparing the γ-ray and e± energy distributions
in the forward region above 1 GeV, good agreements are
found between the experimental data plotted with the
gray area and the SW parametrization, Geant4 and the
parametrization developed here. The deviations are ex-
pected for energies below 1 GeV. We can see that the
parametrization and the Geant4 predictions agree rea-
sonably well for the pi0 → 2γ energy distribution. The
maximum deviation is of the order 30–40 %. For the
e± energy distributions the deviations between these two
models are larger. For Pp ≤ 5 GeV/c, the e− production
spectra between these two models agree reasonably well,
whereas, the e+ spectra disagree by a factor as large as
three. For Pp > 5 GeV/c the e
+ spectra agrees reason-
ably good between these two models and disagree for the
e− spectra by a factor as large as two. The root of these
disagreements however, seem to be related with the to-
tal e± production yield. The parametrization developed
here fits well the experimental pion yield data, thus, I
believe that these large disagreements are not a result of
the assumption of similar e± spectra between p+C and
nucleon–nucleon.
As a last example, Fig. 12 compares the p + C sec-
ondary particle production at Tp = 100 GeV between
Geant4 and the parametrization introduced here. These
two models agree reasonably well at this collision energy
12
with differences less than 35 %.
VI. RESULTS AND DISCUSSION
To illustrate the results of the parametrizations devel-
oped here, let us consider two examples. The first one
considers p and 12C projectiles interacting with the 12C
target material. The projectile fluxes are described in
one case by a power-law function with index α = 3 and,
in the second case by the same power-law but with an
exponential cut-off at T cutp = 1 A GeV. In the second ex-
ample, the chemical composition of both projectiles and
target material are considered to be similar to the solar
composition of elements. The projectile fluxes for this
example are assumed to be in one case a pure power-law
function with index varying between 2 ≤ α ≤ 5, whereas,
in the second case the same power-law function but with
an exponential cut-off at T cutp = 1 A GeV.
Consider the following functional form for the projec-
tile flux:
JA(Tp) = N × T−αp × exp
(
− Tp
T cutp
)
. (23)
Assuming that the target number density is nB , the γ-ray
production spectrum is given by:
dN
dEγ
= 4pi nB
∞∫
T thp
dTp JA(Tp)
dσABγ
dEγ
(Tp, Eγ). (24)
Here, dσABγ /dEγ is the sum of the γ-ray production cross
sections via formation of hard photons (A+B → γ) and
decay of secondary pi0-mesons (A+B → pi0). T thp is the
kinematic threshold kinetic energy per nucleon. For pi0
production T thp is given by Eq. (13). For producing hard
photons with Eγ ≥ Eminγ = 30 MeV it is given by:
T thp =
(
1
Ap
+
1
At
)
Eminγ ,
where, Ap and At are the mass numbers for the projectile
A and the target B, respectively. The e± pair production
spectra is calculated using Eqs. (21, 22 and 23).
Calculation of the γ-ray spectrum for a solar-like com-
position of elements, includes a sum over all possible nu-
clear collisions. Let nB be the element B number density
in the target material and JA be the projectile A flux de-
fined in Eq. (23). In addition, let us assume that all
projectiles fluxes have the same α and T cutp parameters.
If we note with XAp = JA/Jp the flux ratio between the
element A and the proton, and XBt = nB/nH the target
number density ratio between the element B and hydro-
gen, then the Eq. (24) transforms to:
dN
dEγ
= C
∑
A,B
XAp X
B
t
∞∫
T thp (AB)
dTp J(Tp)
dσABγ
dEγ
(Tp, Eγ). (25)
Here, T thp (AB) is the threshold energy for the specific A+
B interaction, J = JA/NA is the same for all projectiles,
and C = 4pi npNp is a normalization constant. When
using this formula it is important to recall that the hard
photon cross section is calculated for projectiles lighter
or equal the mass of the target nucleus. Therefore, the
contribution of A + B, when A is heavier than B, is
calculated from B +A.
For a solar-like composition of elements: H, 4He, 12C,
14N, 16O, 20Ne, 24Mg, 28Si, 32S and 56Fe, we have Xp =
Xt = 1 : 9.59×10−2 : 4.65×10−4 : 8.3×10−5 : 8.3×10−4 :
1.2 × 10−4 : 3.87 × 10−5 : 3.69 × 10−5 : 1.59 × 10−5 :
3.25× 10−5 [see e.g. 92].
At higher energies nucleus–nucleus and pp γ-ray spec-
tral shape are similar, therefore, by using the wounded
nucleon model [14] we can scale the γ-ray spectra from
pp interactions with the following factor:
 =
∑
A,B
XAp X
B
t
σR(AB)WAB
2σpp
. (26)
Where, σR(AB) is the reaction cross section for A + B
interactions, see Eq. (2). WAB = (Ap σpB+At σpA)/σAB
is the number of wounded nucleons and σpA, σpB and
σAB are the inelastic p + A, p + B and A + B cross
sections calculated using parametrization [93]. The σpp
is the pp inelastic cross section and is taken from [80].
Figures 13 and 14 show the γ-ray and e± spectra result-
ing from p+12C and 12C+12C interactions. Looking at
these figures, one can draw some general conclusions that
are related to subthreshold pions and hard photon pro-
duction: The pp interactions fail to reproduce the A+B
secondary particle shape below 1 GeV. The A+B inter-
actions produce a secondary particle spectra that is gen-
erally broader than the respective pp one. Direct hard
photons manifest themselves for Eγ < 100 MeV and this
component produce a unique feature in the final γ-ray
spectrum that has no analogue in pp interactions. Fi-
nally, the differences between A + B and pp secondary
particle production spectra depends on the nuclear mass
and it increases when the masses increase.
The presence of a low energy exponential cut-off sup-
presses the high energy collisions. As a result, the rel-
ative contribution of hard photons and subthreshold pi-
ons increases. The low energy cut-off creates two effects:
Firstly, it increases the relative γ-ray production rate for
Eγ < 200 MeV, which is unique for nuclear interactions,
see Fig 13. Secondly, the peak of the γ-ray and e± spectra
produced from nuclear interactions shifts toward lower
energies at a higher rate compared to pp interactions.
For the α = 3 and T cutp = 1 A GeV example that was
considered here, the peak energy of the secondary spectra
computed from nuclear collisions is about 40 % smaller
than that of the pp, see Fig. 13 and 14.
Independent of the projectile flux, the γ-ray spectrum
for Eγ < 100 MeV between p+
12C and 12C+12C is differ-
ent. This is due to different hard photon production cross
sections between these two nuclear interactions. The
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FIG. 13. Gamma-ray production spectra for p+12C (left) and 12C+12C (right) interactions. The projectile fluxes have a
power-law index α = 3 and in one case T cutp → ∞ (top) and in the other case T cutp = 1 A GeV (bottom), see Eq. (23). The
thick black line is the pi0 → 2γ contribution, doted line is the hard photon contribution and the dash line is the sum. The
thin gray line correspond to pp → pi0 scaled according to the wounded nucleon model. The small panel in each plot show the
spectral ratio between the nucleus–nucleus and pp.
12C+12C hard photon production cross section is larger
and its spectrum is harder compared to p+12 C. There-
fore, the shape of the spectrum for Eγ < 100 MeV can be
used to discriminate not only pp from nuclear collisions
but also between different nucleus–nucleus interactions
and it can be used in this way to estimate the mass of
the colliding nuclei.
Proton–proton interactions produce pi+ for collision
energies Tp > 0.28 GeV and pi
− for Tp > 1.2 GeV.
Nucleus–nucleus interactions on the other hand, produce
pi± at much lower energies and with equal amount. This
is a consequence of the isospin symmetry and having
equal number of protons and neutrons in both projec-
tile and target nuclei. Therefore, nuclear interactions
produce similar amounts of e+ and e− with similar spec-
tral shape, in contrast to pp interactions, which produce
an excess of e+ compared to e− at low energies. The
exponential cut-off at T cutp = 1 A GeV suppresses the
p + p → e− production and because of this, its shape is
very different when compared with A + B → e− spec-
trum, see Figure 14. For p+12C interaction, the projec-
tile has no neutrons and as a result, the amount of pi+
(e+) would be slightly larger than pi− (e−).
Figure 15 shows the results for a solar composition of
elements. The discussion about p +12 C and 12C+12C
interactions is also valid here. Furthermore, these calcu-
lations show that high energy nuclear interactions that
result from hard spectrum of projectiles, produce abun-
dant low energy γ-rays that screen the contribution of
subthreshold pions and hard photons. Thus, the γ-ray
spectrum from A+B collisions with a primary spectrum
harder than α . 2.5, show no difference from pp. On the
other hand, softer primary spectra and low energy cut-off
produce significant differences between A+B and pp fi-
nal γ-ray spectra below 200 MeV. This can be important
in many astrophysical situations such as solar flares and
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FIG. 14. Electron and positron production spectra for p+12C (left) and 12C+12C (right) interactions. The projectile fluxes
have a power-law index α = 3 and in one case T cutp →∞ (top) and in the other case T cutp = 1 A GeV (bottom), see Eq. (23).
The thick black line corresponds to e+ production and the thick dash-line correspond to e− production. The thin gray line
shows the contribution from pp→ e+ and the thin dash-doted line shows the contribution from pp→ e− which are scaled for
each case according to the wounded nucleon model.
oxygen-rich supernova remnants where soft ion spectra
are produced and one cannot extrapolate pp calculations
for Eγ ≤ 200 MeV.
VII. SUMMARY AND CONCLUSIONS
In this work, using numerous publicly available ex-
perimental data sets, simple and reasonably accurate
parametrization formulas are provided to calculate the γ-
ray and e± pair production spectra for nucleus–nucleus
interactions with collision energy Tp ≤ 100 A GeV in-
cluding the low energy subthreshold pion and hard pho-
ton channels. The parametrizations are in reasonably
good agreement with the available experimental data and
the expected deviations are less than 30–40 %. These
parametrizations are provided in the form of a computer
library in [94].
I conclude by stressing the importance of the sub-
threshold pion and hard photon channels for comput-
ing the secondary particle production spectra from low
energy nuclear collisions. The γ-ray spectra produced
by these two channels below 200 MeV cannot be repro-
duced by pp interactions. This characteristic feature can
be used to experimentally distinguish the contribution of
nuclei from protons. While the detection of γ-rays for
Eγ & 1 GeV can be used to fix the primary spectra pa-
rameters, the detection of Eγ . 200 MeV can be used
to estimate the masses of the colliding nuclei. Gamma-
ray instruments, such as Fermi-LAT, that are sensitive
in this energy region should include the contribution of
these two channels in their γ-ray analysis especially for
astrophysical sources that have soft primary nuclear spec-
tra.
Future work will improve the accuracy of the pion en-
ergy distribution. This is possible if at low energies a
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FIG. 15. Gamma-ray production spectrum from the hard photons and pi0-meson decay for a solar-like composition of elements.
The exponential cut-off energies are T cutp →∞ (left) and T cutp = 1 A GeV (right), whereas, the power-law index varies between
2 ≤ α ≤ 5. The solid lines represent the contribution from all nuclei, whereas, the thin dash lines represent the γ-ray spectra
from pp collisions which are scaled according to the wounded nucleon model.
two temperature pion spectra is considered instead of
one. At high energies one could parametrize the pion
spectrum directly from the proton–nucleus and nucleus–
nucleus experimental data.
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Appendix A: Calculation of the pion energy
distribution using pp cross sections
High energy A + B inelastic collisions produce pi-
ons through pp, np and nn interactions. The average
pion yield from these individual interactions are differ-
ent, therefore, a correct estimation of the pion production
cross section from nucleus–nucleus collisions should av-
erage over different nucleon–nucleon contributions. Let
the Zp, Ap and Zt and At be the number of protons and
the total number of nucleons for the projectile A and the
target B. Let us define ξp = Zp/Ap and ξt = Zt/At the
probabilities of randomly colliding with a proton inside
the projectile and the target nuclei, respectively. The
quantities 1− ξp and 1− ξt express the probabilities for
colliding with a neutron. Using these probabilities, the
average pion multiplicity per nucleon–nucleon collision is:
〈piNN 〉 = ξpξt 〈pipp〉+[ξp(1− ξt) + ξt(1− ξp)] 〈pinp〉
+ (1− ξp)(1− ξt) 〈pinn〉 ,
(A1)
where, 〈pipp〉, 〈pinp〉 and 〈pinn〉 are the pion average pro-
duction multiplicities for pp, np and nn collisions, respec-
tively. The multiplicity for A + B collisions is 〈piAB〉 ∼
〈piNN 〉 and the proportionality factor is the number of
participating nucleons.
Assuming that charge and isospin symmetries hold at
Tp > 1 A GeV, then the average pion production multi-
plicities satisfy the following relations [see e.g. 39]:〈
pi−pp
〉
= 〈pi+nn〉〈
pi0pp
〉
=
〈
pi0nn
〉
=
〈
pi±,0np
〉〈
pi+pp
〉
= 〈pi−nn〉
(A2)
From these relations follows that
〈
pi0pp
〉
=(〈
pi+pp
〉
+
〈
pi−pp
〉)
/2 which is used in the text. Moreover,
assuming that these relations extent to differential cross
sections, then, by manipulating Eqs. (A1 and A2) follows
that:
fpi
+
AB =
(
ξp+ξt
2
)
× fpi+pp +
(
1− ξp+ξt2
)
× fpi−pp ,
fpi
0
AB = f
pi0
pp ,
fpi
−
AB =
(
1− ξp+ξt2
)
× fpi+pp +
(
ξp+ξt
2
)
× fpi−pp ,
(A3)
where, f = σ−1inel×dσ/dEpi is the pion energy distribution
for A+B and pp interactions. These relations are used to
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calculate the A+B → (e±, γ) energy distribution using p+ p→ (e±, γ) parametrizations.
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